Abstract. We consider Calabi-Yau threefolds X over an algebraically closed field k of characteristic p > 0 that are not liftable to characteristic 0 or liftable ones with p = 2. It is unknown whether Kodaira vanishing holds for these varieties. In this paper, we give a lower bound of h 1 (X,
Introduction
It is well known that K3 surfaces over an algebraically closed field k of characteristic p > 0 are liftable to characteristic 0 [4] , so that Kodaira vanishing theorem holds by the celebrated result of Raynaud-Deligne-Illusie [5] . However, some of CalabiYau threefolds are non-liftable to characteristic 0 [9, 10, 11, 21, 20, 2, 3] and it is still open whether Kodaira vanishing holds for these varieties. Moreover, the theorem by Raynaud-Deligne-Illusie is not applicable in the case of p = 2, even for liftable Calabi-Yau threefolds.
Kodaira vanishing of K3 surfaces has much simpler proof by S. Mukai [17] . Although Mukai's proof cannot be extended to dimension larger than 2, we obtain, under a certain condition, a lower bound evaluation h 1 (X, O X (−D)) ≥ 1 6 D 3 for an ample divisor D with H 1 (X, O X (−D)) = 0 if there is such D (see Theorem 7) . To prove this result, we need to extend Miyaoka's pseudo-effectivity theorem of second Chern class in characteristic 0 [15] to positive characteristic. This extension should be of independent interest (see Theorem 3) .
On the other hand, by the Mukai's idea we obtain a sufficient condition for a part of Kodaira vanishing of varieties X of dim X ≥ 2 with H 1 (X, O X ) = 0 such as Calabi-Yau varieties. Namely, for an ample divisor D we have H 1 (X, O X (−D)) = 0 if H 0 (X, O X (D)) = 0. It turns out that by the result given in [25] this condition can be weaken to H 0 (X, O X (pD)) = 0 when X has no global 1-forms. One of such varieties is the Hirokado variety [9] as observed in [25] . In this paper, we show that a larger class of the varieties satisfies this condition such as Schröer varieties [21] and Schoen varieties [20] (see Corollary 15) .
By a Calabi-Yau threefold X, we mean a smooth projective variety with K X = 0 and H i (X, O X ) = 0 for i = 1, 2. For simplicity, we will refer to the situation H 1 (X, O X (−D)) = 0 (or = 0) as H 1 -Kodaira (non-)vanishing in this paper. In section 2, we give an extension of Miyaoka's pseudo-effectivity theorem. Its application to Calabi-Yau threefolds with H 1 -Kodaira non-vanishing will be presented in section 3. In section 4, we show that H 1 -Kodaira vanishing holds to some extent for Schröer varieties and Schoen varieties (Corollary 15). We give a simple observation that such kind of vanishing always holds for a Calabi-Yau varietiy whose Picard group has no p-torsion (Theorem 18).
We also show that counter-examples of Kodaira vanishing cannot be constructed with the modified Raynaud-Mukai construction by giving an answer to the open problem given in [24] .
The author deeply thanks Adrian Langer for pointing out a serious error in the early version of Theorem 3.
2. Pseudo-effectivity of c 2 for varieties with K X = 0
The aim of this section is to prove an extension of Miyaoka's pseudo-effectivity theorem of c 2 (Theorem 6.1 [15] , see also Lecture III of [16] ) to positive characteristic. In this extension, we have two obstructions. The first one is Bogomolov-Gieseker inequality and the second one is generic semipositivity of cotangent bundle, both of which are key ingredients of Miyaoka's original proof and we must assume characteristic 0. We avoid the former by using Langer's result on strongly semistability of vector bundles [13] and the latter by posing a condition for the Harder-Narasimhan slope of the (co)tangent bundle, which is also considered in [13] .
Let X be a smooth projective variety and B = (H 1 , . . . , H n−1 ) with H i , i = 1, . . . , n − 1, ample line bundles on X. Recall that a torsion free sheaf E on X is B-strongly semistable if all the Frobenius pull backs (F e ) * (E) (e ≥ 0) of E are B-semistable, i.e., for any proper subsheaf F ⊂ E we have µ(F ) ≤ µ(E), where
rank E . For a strongly semistable sheaf, we have the following Bogomolov-Gieseker type inequality.
Theorem 1 (Theorem 01 [13] ). Let X be a smooth projective variety over an algebraically closed field k of char(k) = p > 0 and n = dim X ≥ 2 and E a strongly semistable torsion-free sheaf. Then we have
If E is not strongly semistable, we can take the Harder-Narasimhan filtration with regard to B:
then the components G i are semistable but not always strongly semistable. We say that E is fdHN (finite determinacy of the Harder-Narasimhan filtration) if there exists k 0 ∈ N such that all the components of the filtration of the k 0 -th Frobenius pullback (F k 0 ) * E are strongly semistable. Note that if E • is the Harder-Narasimhan filtration of (
is the Harder-Narasimhan filtration of (F k+1 ) * E.
Theorem 2 (Theorem 2.7 [13] ). Every torsion-free sheaf is fdHN.
Recall also that in the decomposition (1), we have α 1 > · · · > α m with α i := µ(G i ) and we define µ min (E) := α m and µ max (E) := α 1 . We say that E is generically Bsemi positive if µ min (E) ≥ 0, which is equivalent to say that µ max (E ∨ ) ≤ 0, i.e. the dual E ∨ is generically B-semi negative (cf. [15] ). Moreover, we define [13] for the detail of L max and L min . Now we come to the main theorem in this section. The proof is an easy modification of Miyaoka's proof for char(k) = 0 using the results of Langer.
Proof of Theorem 3. Let B = H 1 , . . . , H n−2 be a sequence of Q-ample divisors and an ample Q-divisor D. By Theorem 2, there exists k 0 ∈ N such that E := (F k 0 ) * T X has the Harder-Narasimhan filtration with regard to (B, D):
whose components are all strongly (B, D)-semistable. Then we have c 1 (E) = i c 1 (G i ) and
and G i are strongly (B, D)-semistable we obtain by Theorem 1
where r i = rank G i . Let h = th 0 be an ample Q-Cartier divisor, where h 0 is ample and 0 < t ∈ Q is sufficiently small. Define
h|B|. 
Hence we have c 2 (E)|B| ≥ 0 and then
and thus c 2 (X)|B| ≥ 0 as required.
We note that the condition "
We now consider what this condition means. We have Proposition 4 (Cor. 6.2 and Cor. 6.3 [13] ). We have
In particular, we have
Calabi-Yau threefolds with Kodaira non-vanishing
In this section, we consider an application of Theorem 3. We do not know whether Kodaira vanishing holds in general for Calabi-Yau threefolds. But if there is a counter-example to Kodaira vanishing, then the dimension of its non-vanishing cohomology has a certain lower bound, which we will show in this section.
The following corollary is a direct consequence of Theorem 3.
The following key lemma is based on Mukai's idea presented in [17] , where he shows Kodaira vanishing for K3 surfaces and Enriques surfaces.
Lemma 6. Let X be a normal projective variety of dim X ≥ 2 over an algebraically closed field k of char(k) = p > 0 with H 1 (X, O X ) = 0 and D an ample divisor. If
Proof. Since X is normal and dim X ≥ 2, we have H 1 (X, O X (−ℓD)) = 0 for ℓ ≫ 0 by lemma of Enriques-Severi-Zariski (Corollary III.7.8 [8] ). Thus by considering the sequence
where F * is the map induced by the absolute Frobenius morphism, we can find
ν D, which is also ample and H 1 (X, O X (−D)) = 0, and
is not injective. Now we define B X (−D) by the exact sequence
From this we obtain the long exact sequence
and we have H 0 (X, B X (−D)) = 0. Now we choose an element (0 =)η ∈ H 0 (X, B X (−D)). On the other hand, we define B X by the short exact sequence
. From this and k = H 0 (X, O X ) since k is algebraically closed, we obtain the long exact sequence
Now we prove the main theorem in this section.
Theorem 7. Let X be a Calabi-Yau threefold over an algebraically closed field k of
In particular,
Proof. Since K X = 0, we have χ(O X ) = 0 by Serre duality and then
by Riemann-Roch for threefolds. Again by Serre duality together with
). Thus we have
then we apply Corollary 5 and Lemma 6.
Kodaira vanishing for Calabi-Yau threefolds
In this section, we consider the modified Raynaud-Mukai construction introduced in [24] , which was regarded as a candidate to construct counter-example to Kodaira vanishing for Calabi-Yau threefolds. Also we consider H 1 -Kodaira vanishing under certain conditions. 4.1. modified Raynaud-Mukai construction. In [24] , the author considered possibility to construct counter-examples to Kodaira vanishing theorem using the Raynaud-Mukai construction [22, 17, 18] and introduced a modified version of the construction. This construction produces uniruled varieties and we have Proposition 8 (Corollary II.6.3 [12] ). Let X be a smooth projective variety over a field k of char(k) = p > 0. Assume that X is not uniruled. Let L be an ample divisor on X such
Hence for the projective varieties X with K X = 0, counter-examples of Kodaira vanishing could exist only when X is uniruled. It is shown that we could construct a counter-examples if we consider a modified version of the construction assuming a smooth surface X such that (i) char(k) = p = 2 and 3K X is ample with H 1 (X, O X (−3K X )) = 0, or (ii) char(k) = p = 3 and 2K X is ample with
However, it turned out that such a surface does not exist, which is a direct consequence of the following facts.
Theorem 9 (cf. [7] ). Let X be a smooth minimal surface of general type over an algebraically closed field k of char(k) = p > 0. Then for any ℓ > 0 H 1 (X, −ℓK X ) = 0 except when ℓ = 1, p = 2 χ(O X ) = 1 and X is an inseparable double cover of a K3-surface or a rational surface.
Lemma 10. For a smooth projective surface X over an algebraically closed field k of char(k) ≥ 0, K X being nef implies that X is minimal, i.e,. any birational morphism f : X → Y is an isomorphism.
Proof. If X is not minimal, then there exists a non-isomorphic birational morphism f : X → Y . We can assume that f is the blow-up at a point P ∈ Y . Then by Castelnuovo's contraction theorem we have K X = f * K Y + C with a (−1)-curve C ⊂ X. Hence K X .C = C.C = −1 < 0 and K X is not nef.
weak H
1 -Kodaira vanishing. As an immediate consequence of Lemma 6 we have Corollary 11. Let X be a Calabi-Yau threefold over an algebraically closed field k of char(k) = p > 0. Then we have
We have a more refined result when there is no global 1-form.
Definition 12. Let X be a projective variety over an algebraically closed field k of characteristic p > 0. We say that weak H 1 -Kodaira vanishing holds for X if we have
Theorem 13 (cf. Theorem 9 [25] ). Let k be an algebraically closed field of characteristic p > 0 and X a Calabi-Yau threefold over k. If H 0 (X, Ω 1 X ) = 0, then weak H 1 -Kodaira vanishing holds for X.
In [25] , we applied Theorem 13 to the Hirokado variety [9] . Now we consider more examples which we can apply this theorem. 
We first consider the case that X is a smooth K3 pencil. Since the fiber of π is connected, we have π * O X = O P 1 and thus π * π * Ω 1 P 1 ∼ = Ω 1 P 1 by projection formula. On the other hand, by Grauert isomorphism we have, for any y ∈ P 1 , π * Ω
Xy ) and since X y is a smooth K3 surface it is 0 by the theorem of Rudakov-Shafarevich [23] . Thus we have [10, 11] with p = 2, 3, which are desingularization of fiber products of two quasi-elliptic surfaces, are uniruled. So there is a possibility of weak H 1 -Kodaira non-vanishing. These examples have fibrations π : X −→ P 1 whose general fibers are normal surfaces with smooth K3 desingularization. The author does not know whether the singular fibers satisfy the condition of Lemma 14.
For other non-liftable Calabi-Yau threefolds, we have those given in [2, 3] . We do not know by now if they are uniruled or without global 1-forms. Currently, we know at most the vanishing theorem as in Corollary 11.
Finally, we show another condition for weak H 1 -Kodaira vanishing. We use the following result by Oda, Lang-Nygaard [19, 6] .
Theorem 17 ( Theorem 1.1 [6] ). Let X be a smooth proper variety over a perfect field k of characteristic p > 0. Then there is an exact sequence
X ) where DM( p P ic(X)) is the dual Dieudonné module of the p-torsion of the Picard scheme. The image of α is the set of indefinitely closed 1-forms, i.e., 0 = dω = dCω = dC 2 ω = · · · for every ω ∈ Ω 1 X where C is the Cartier operator. Proof. By Prop. 5.7 and Cor. 5.12 [19] .
Now we have
Theorem 18. Let X be a Calabi-Yau variety X of dimension ≥ 3 over an algebraically closed field k of characteristic p > 0. Then, Pic(X) (or NS(X)) has no p-torsion if and only if H 0 (X, Ω 1 X ) = 0. Hence, in particular, weak H 1 -Kodaira vanishing holds if Pic(X) has no p-torsion.
Proof. Note that we have Pic(X) = NS(X) since H 1 (X, O X ) = 0. By Lemma 4.7 [26] , Pic(X) has no p-torsion if H 0 (X, Ω 1 X ) = 0. On the other hand, assume that Pic(X) has no p-torsion. By Proposition 4.1 [26] , all global 1-forms are indefinitely closed. Hence by Theorem 17 H 0 (X, Ω 1 X ) = α(DM( p P ic(X))) = 0 as required. Remark 19. For a Calabi-Yau variety X of dimension 2, i.e., K3 surface, it is well known that Pic(X) has no torsion and H 0 (X, Ω 1 X ) = 0 (see [1, 23] ). Corollary 20. Let X be a Hirokado variety or Schröer variety. Then Pic(X) has no p-torsion.
